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We prove that any automorphism group of a Z(v, k, 1) design whose action on lines is 
primitive of rank 67 has also a primitive action on points. 
A 2-(v, k, 1) design D (with 2 s k < v) is a set of v pro& together with a 
family of k-subsets, called lines, such that any pair of points is in exactly one line. 
Every point of D is on exactly r = (V - l)/(k - 1) iines. A fias of D is a pair 
consisting of a point and line through that point. 
Let G be an automorphism group of D. The following results are well-known: 
1 (Block [l]). The number of point-orbits of G does not exceed the 
number of line-orbits. 
In particular, if G is line-transitive, then G is point-transitive. 
eom 2 (Higman-McLaughhn [7]). If G U flag-transitive, then G is poirct- 
primitive. 
However, the folllowing implication is still waiting for a proof (or a counter- 
example): 
a If G is line-primitive, then G is point-primitive. (*) 
ere are a few facts supporting this conjecture: 
1. (*) holds if D is the design of points and lines of any projective 
space qf dlme~~ion d 2 2. 
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sitim 3. (*) holds if I.J > a[( f) - 11’. 
. (*I holds if k s 20. 
5. (*) holds if G has a subgroup acting regulariy on the point-set of 
6. (*) holds if the line-rank of G (i.e., the rank of G acting on the 
line-set of D) does not exceed 7. 
The aim of this note is to prove Proposition 6, generalizing a result of Di 
Martin0 [6] in which the line-rank was assumed to be 3. Proposition 1 
immediately follows from two papers of Kantor: [9] for d 2 3, and [8] for d = 2, 
where he proved (using the classification of finite simple groups) that if a finite 
projective plane P has a point-primitive automorphism group G, then either 
P = PG(2,q) and i 6 a PSL(3,q) or P has a prime number of points (and lines). 
Proposition 2 follows from Theorem 2 and from a resuh of Camina and Gagen [3] 
stating that if G is line-transitive and if k 1 IJ, then G is necessarily flag-transitive. 
Propositions 3 and 4 are proved in [5] and [4] respectively. Finally, Proposition 5 
is due to Siemons [lo]. 
Let h, be a 2-(u, k, 1) design (with 2 5 k c v) and let G s Aut D be 
line-primitive but not point-primitive on D. Thus G is line-transitive and (by 
Theorem 1) point-transitive, but G preserves a nontrivial partition of the 
point-set of D into n classes Cr, . . . , C, (1 <n Cv). On the other hand, 
Theorem 2 implies that G has f k 2 flag-orbits F,, . . . ,I$. We divide the proof 
into a series of lemmas, Proposition 6 being an immediate consequence of 
Lemma 4 and Theorem 2. 
. G has point-rank >f2 + 2. 
of. For any line L, denote by e(L) the set of points x E L such that (x, L) 
belongs to the flag-orbit 4. If some e(L) is contained in C,, then fix the index i 
and define ‘%j to be the set of all lines L’ such that &(L’) c C’j. Clearly the sets 
%I, * * - , %,, form a partition of the line-set of D and this partition is invariant 
under 6. Since G is line-primitive, every set %j has cardinality 1, so that the 
ber of lines of D is equa! to rr < V, contradicting Fisher’s inequality. 
a line L intersecting C1 in at least one point x, no 3(L) is 
so that none of the points of L is 
has at least f Q 
Line-primitive groups oj small rank 105 
the points of Z.+ not in C1. Since every element of G, mapping a point of L onto 
another point of L preserves the line L, it follows that G’ has at least f orbits on 
the points of L outside C1. Since G, has f orbits on the set of lines through x, we 
conclude that G, has at least f 2 orbits on the points of D outside C1 (and at least 2 
orbits on the points in C1 because (Crj 2 2). Cl 
Le 2 (Cameron-Liebler [2]). If an automorphism group of a 2-(v, k, I) 
design has equally many point-orbits and line-orbits, then the number of lines of 
any line-orbit Si intersecting a given line L E Si is 
IZ!$I k/r -I- r(r -- k - l)&ii, 
aii being the Kronecker symbol. 
Le 3. Any subgroup H of G stabilizing a line or a point has more line-orb& 
then point-orbits. 
Proof. Suppose that H has equally many point-orbits and line-orbits. By 
Theorems 1 and 2, 6 has at least two orbits on the lines through any given point, 
and so, if H stabilizes a point x, then H has at least two orbits LEI and Z& on the 
lines through x. The number of lines of & intersecting a given line of ZZI is 
j&j = l&j k/r by Lemma 2, so that r = k and D is a projective plane, 
contradicting Proposition 1. 
If H stabilizes a line L, then since D is not a projective plane, the group H has 
a line-orbit Zi consiting of lines disjoint from L, so that 0 = #I k/r by Lemma 2, 
a contradiction. 
Now Theorem 1 ends the proof. Cl 
e-a 4. G has line-rank sf 2 + 4. 
of. Pick a point x and a line L. . By Lemma 1, G, has at least f 2 + 2 
point-orbits, which implies, by Lemma 3, that G, has at least f 2 + 3 line-orbits, 
and so G has at least ,F” + 3 orbits on point-line pairs, so that GL has at least 
f2 + 3 point-orbits. Then Lemma 3 again implies that CL has at least f * + 4 
line-orbits. 0 
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